We present an alternative formulation of the magnetostatic boundary value problem which is useful for calculating the magnetic field around a magnetic material placed in the vicinity of steady currents. The formulation differs from the standard approach in that a single-valued scalar potential, plus a vector field that depends on the given currents but not on the magnetic material, are used to obtain the total magnetic field instead of a magnetic vector potential. We illustrate the method by a few sample computations.
I. INTRODUCTION
Solving for the magnetic field around linear, isotropic magnetic material placed in the vicinity of steady current-carrying conductors is one of the most important uses of magnetostatics. The evaluation of the fields follows from a standard manipulation of Maxwell's equations, and is treated extensively in the literature.
1,2,5, 7 The following description is limited to linear, isotropic materials for simplicity though the method itself is more general.
The relevant Maxwell's equations are:
where J is a given surface current and we impose continuity of the normal component of B and the tangential component of H across the surface as boundary conditions:
wheren is the unit normal at the surface.
In the standard procedure for solving this problem we define the vector potential by
which automatically satisfies equation (2). For convenience, we choose ∇ · A = 0 and then equation (1) yields
where µ = 1 outside the magnetic material.
In a two-dimensional problem a single component of A will often suffice to obtain the magnetic fields. However, in any truly three-dimensional problem solving equation (7) to yield all three components of A can represent a formidable task. The impracticality of applying a standard magnetic scalar potential approach to such a problem arises from the fact that the scalar potential φ, defined in a current-free region as
is not single valued. This can be seen if we rewrite equation (1) in terms of the scalar potential using (8) and integrate over an area transverse to and including all of the transverse current.
Applying Stoke's theorem, we find
Hence the scalar potential picks up a contribution every time we go around a source current.
This multiple-valuedness can become awkward, especially in situations where the magnetic body itself carries a free current. In this paper, we will discuss a formulation that overcomes the major shortcomings of the procedure we have just discussed. Essentially, the method consists of removing the rotational component of the magnetic field from the total magnetic field, and evaluating the remainder as the gradient of a single-valued scalar potential. It will be shown by means of some examples that this approach offers the simplest solution to any given, fully three-dimensional problem. It is important to note that this procedure is known to engineers 9 but it appears to have eluded the notice of the general physics community.
Moreover, their emphasis is in finite element methods while here we demonstrate its power in analytical calculations. there have been other publications dealing with alternate methods of calculating the magnetostatic field 8 , but to our knowledge, there isn't anything in the physics literature that uses the scalar potential method described here.
II. THE NEW FORMULATION
We begin by defining a new vector K as
from which it is clear that K is the magnetic intensity H in the absence of magnetic materials.
We then have
Now define the vector C as
The equations satisfied by C are
sincen · K is continuous across the surface by equation (10) . From equation (14) it is clear that we may write C = −∇φ, where φ is a single-valued scalar potential. 3 This function is continuous everywhere but is not differentiable at the boundary surface. It follows that we must distinguish between the interior potential φ int and the exterior potential φ ext , and solve Laplace's equation
subject to the following boundary conditions:
with ∇φ → 0 as | r| → ∞. Once the scalar potential is known, we obtain the magnetic field
Exact solutions to the equations above can sometimes be obtained by writing an expansion for φ in a basis appropriate to the geometry of the problem, and matching the expressions thus obtained for the interior and exterior regions at the boundary in accord with (18) and (19). A few such examples will be evaluated shortly. In addition, for more elaborate geometries which are less prone to yielding closed-form algebraic solutions, the scalar potential φ may be determined numerically, often with much greater ease than the evaluation of the corresponding vector potential. Clearly the computational economy of this method is one of its most striking advantages, but we must bear in mind its generality as well; the method may be applied to any problem, irrespective of whether the magnetic material carries a source current or not.
III. ANALOGY WITH ELECTROSTATICS
Not surprisingly, this procedure has a simple analogy in electrostatics 4, 6 . Consider a linear, isotropic dielectric in free space subject to an electric field E 0 which may arise from charges embedded in the dielectric medium. The source charge distribution is assumed to remain unchanged, and the equations that determine the electric field are
with boundary conditionsn
with | E| → 0 as | r| → 0. Writing
we get
with boundary conditions
with ∇φ → 0 as | r| → ∞. The correspondence between these equations and the previous set is clear: (µ − 1) K ·n surface replaces ( − 1) E 0 ·n surface as the "source term". Some examples of the use of this method are now presented.
IV. EXAMPLES OF THE METHOD
A. Infinitely long wire with current I placed parallel to the axis of an infinitely long cylinder of permeability µ
Let the radius of the cylinder be ρ = a, and let the distance between the wire and the cylinder be d, with d > a. We take a point on the axis of the cylinder as the origin of coordinates, and note that the problem has symmetry along the cylinder's axis, which we choose to be the z-direction. Choosing the yz plane to contain the wire, we have in polar
where λ 0 is the current per unit length in the wire. Writing the general forms of φ int (ρ, θ) and φ ext (ρ, θ) corresponding to solutions of ∇ 2 φ = 0 with no z-dependance as
the boundary conditions yield
and
To determine the coefficients A m we note from (31) that
and we therefore need to evaluate I n , given by
where n ≥ 1. We set z = e iθ , and switch to an integration around the unit circle |z| = 1, giving
The integrand has simple poles at z = ia/d and z = id/a as shown in figure (1). Since only z = ia/d lies within the unit circle, picking up the residue from that pole we find
To evaluate the B m coefficients, we need to evaluate
and following an analogous procedure, we find
With these results, we can now obtain
where Λ = λ 0 (µ − 1)/(µ + 1). We then have
Setting y = iρe iθ /d, we can recast (47) as
Similarly, we obtain
The full field may now be determined from
B. Sphere of constant permeability µ concentric with a ring of uniform current I Consider a sphere of constant permeability µ and radius a, concentric with a circular ring of radius b, with b > a, that carries a current I, as shown in figure (2). We wish to obtain the magnetic field everywhere in space. We begin by considering the case b > a. Using spherical coordinates, one can easily show 10 that for r < b, the solution of equations (10) and (11) for the circular ring in free space is where λ = πI/c and
while for r > b we have
where
Now, since we are considering b > a,
We see that the generating term has no azimuthal dependence. We thus look for solutions of Laplace's equation with this symmetry:
From the boundary conditions (18) and (19) we obtain
By feeding (57), (58) and (59) in (63) we finally obtain A 2n = B 2n = 0, and
With the coefficients of the scalar potential expansion in hand, the field itself follows directly from equation (20).
V. CONCLUSION AND FURTHER WORK
We hope to have established that the procedure described in this paper offers a very general method of calculating the magnetic field when a source current is contained by, or placed in the vicinity of, a linear magnetic material. Moreover, this procedure is always simpler than the standard vector potential formulation for any truly three-dimensional problem. Applying the method requires nothing beyond the standard mathematical machinery needed to tackle boundary-value problems in electrostatics, and we hope that this alternative formulation will find its way into the standard curriculum on electricity and magnetism.
There are many other fun problems students can solve to get practice with the method. For example, we suggest students could carry on where we left off and treat the case where b < a, and the ring of current is now embedded concentrically within the sphere. Another excellent example students could work on would be an infinitely long, straight wire with current I, 
